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In the present paper the two and three point functions, which occur at the study of 
the various physical processes are considered. The investigation is done in the framework 
of the perturbation theory at the one loop level. The general analytical and asymptotic 
expressions for these functions are obtained. 
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1 INTRODUCTION. 



With the increasing role which place the perturbative aprouche within the field theory, 
the evolution of the effects beyond tree approximation in the elementary particle physics 
becoming of great interests. Such effects play an important role e.g. in the investigation 
of rare decays of hadrons, leptons, quarks, meson oscilation ets. Within the framework of 
standard theory of electro weak interactions. 

During the study of physical processes beyond the tree approximation within the 
perturbative aprouche imarge so called loop integrals. The study of loop integrals and the 
investigation of the behavior of this integrals for the various values of cinematic parameters 
is over great interest. Such investigation have been cared out in references [1-5]. However for 
the practical point of weu the utilization of the results obtained in these paper encounters 
the difficulties. In the present work the two and tree point functions which appear during 
the study of the physical processes at the one loop level are investigated. The general and 
asymptotic expressions for these functions for the different values of cinematic parameters 
are obtained. 



INTEGRAL EXPRESSIONS OF THE TWO 
AND TREE POINT FUNCTIONS. 



During the study physical processes at one loop level there exist integrals of the fol- 
lowing types: 



(j j \ / 2 2 2\ _ f d A q (l,q a ) 

J (2irp [(q - p) 2 - m{ + te\(q 2 - m 2 + te) 



I 



{R ,R a ,R a/3) }(p 2 1 ,pl, (pi - p 2 ) 2 ,m\,m\,m 2 3 ) 
d 4 q (l,q a ,q a qp) 



(27r) 4 [{ Pl -q) 2 -m 2 1 + ie\[{p 2 -q) 2 -m' 2 2 + ie}(q 2 -ml + ie) * (2) 
The Lorentzdecomposition of these integrals ( I a , R a and Rap) have folowing forms: 

I a (p 2 ,m\,m 2 2 ) = p a h(p 2 ,m\,ml) , 

Ra(p 2 i,pl, (Pi - P2) 2 , mf, ml, ml) = Pi a Rw{p\, p\, (pi - P2) 2 m 2 l , m\, m\) + 
P2aRoi(p 2 i,pl,(Pi-P2) 2 m 2 1 ,ml,ml) , 
RapiPvPl, (pi - P2) 2 ,m 2 1 ,m 2 2 ,ml) = g aj3 Rw{p\,pl, (pi - P2) 2 , m\, m\, m\) + 
PiaPipR2o(pl,pl, (Pi ~ P2) 2 ,ml,m 2 2 ,m 2 3 ) + p 2a p2pRo2(pl,pl, (Pi - P2) z ■ ,m\,m\,m\) + 

(piaP2p+P2aPif3)Rn(pl,pl,(Pi-P2) 2 ,ml,ml,m 2 3 ) . (3) 
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Some of these integralas contaain divergences. In the dimenshinal regularization scheem 
it is possible to single out the divergent part in the following form: 

h{p 2 , m\, ml) = i + I (p 2 , ml, m\) 
I a (p 2 , ml, m 2 2 ) = p a h(p 2 , ml, m 2 2 ) = p a {— + I^p 2 , ml, ml)} 

Roo(pl,pl,(pi -P2) 2 ,ml,ml,m 2 3 ) = ^7 + Roo(pI,pI, (Pi - P2) 2 , ml, m 2 2 , ml) , (A) 

where 1/e' = ^wlV 6 — 7 + InAir], 7 is eiler maskeroni constant, (7 = .5772157...), 
Ie = 4 — n, n is dimenshin of space-time. In the framework of Feinman parametrization 
the finite parts of these integrals have respectively the form: 

% f mf (1 — x) + m^x — p 2 x(l — x) + ie 



~ 2 2 2 i m\(l-x)+m' 2 x-p'x(l-x)+ie 

I Q (p ,m x ,m 2 ) = T~j -To / dxin o > ( 5 ) 

(4tt) 2 J /1 2 

~ , 9 9 9 , i /" , , . „ m?(l — x) + mnX — p 2 x(l — x) + ie 
h(p 2 ,ml,m 2 2 ) = -—— / dx(l -x)£n-= 2 , V < , (6) 



(4vr) 2 7 * ' /i 2 

^00(Pl,P2> (Pi -P2) 2 ,m 2 ,^L m 3) = 



( _ 2 , dx dy * in Hplpl(pi-pi) 2 ^l™l<^y) j (7) 

( 4tT ) J J Zi LL 

v y ^ 

Rij(p 2 i,pl,(Pi-P2) 2 ,ml,m 2 2 ,ml) = -7-7^ j dx j dy % - [ \ — |L 

(4tt) 2 7 7 L(pl,pl( Pl -p2) 2 ,m{,mi,mi,x,y) 





(i + j = 2; i,j = 0,1,2) 
1 1 



Rij(pl,pi (Pi-P2) 2 ,ml,m 2 2 ,m 2 3 ) = -7-^7 / tfo / dy — -5 2 X - — ^ ^ 2 5 r 

(4tt) 2 7 7 L(pi,pi,(p 1 -p2) 2 ,mi,mimi,x,y) 

(t + j = l; i,j = 0,1) (9) 

Ro(pI,P 2 2, (Pi -P2) 2 ,m 2 l ,m 2 2 ,m 2 3 ) = 
1 1 

(An) 2 I dX I dy L(p 2 1 ,p 2 2 ,(p 1 -p2) 2 ,m 2 1 ,m 2 2 ,m 2 3 ,x,y) ' ^ 





,2 



where fjr is arbitrary mass scale parameter and we have introduce the following notations: 

L(pl,P 2 2i(Pi-P2) 2 ,ml,m 2 2 ,m 2 3 ,x,y) = Ax 2 + Bx + m 2 2 , 

A=[p 2 + y(pi - P2)} 2 , 
B = (ml -ie)y + (m 2 2 - ie)(l - y) - m\ + ie - ply - p 2 2 (l - y). 
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3 TWO POINT FUNCTIONS. 



Integrals hip 2 , rn\, m|) and h(p 2 , mf, ml), after integration by part can take in the 
followingb tipe: 

h(p 2 ,m\,m 2 2 ) = --^—{en^ - [ dxx m<2 m \ — P + ^ % -} , (11) 

(Any p 2 Jo mf (1 — x) + m 2 x — p 2 x(l — x) — xe 

~ 2 2 2 i 1 ml f 1 x ml - m\ - p 2 + 2p 2 x 

(12) 

The explisit expressions Jo an d h for the diferent cinematic of the physical processes 
after some calculations become the following form: 

7 , 9 9 9n i r „ m 9 ™9 ~ — T) 2 „ ml 

I (p 2 ,m ,m = -— — + 2 2 ^ " 2 + 

(47TJ 2 /i 2p 2 mf 

J-X(ml,ml,p 2 ) J-\(ml,ml,p 2 ) 

~ 9 QjVetcj 2" ' g 9J ' 

£r wij + mf — p 2 

lm 2 3 - 2 - 2 - 2 



hip ,m 1 ,m 2 ) = -77^{-fe^ - - 



(4tt) 2L 2 p 2 2 2p 2 

(m 2 , — m\ — p 2 ) 2 + 2p 2 (m2 — 2m 2 — p 2 ) m 2 
4p 4 mf 



m 2 , - mf - 3p 2 A/-A(mf,mi,p 2 ) 7-A(m 2 , m\,p 2 ) 

F4 arct 9 2 1 2 5J ' ( 13 ) 

4p 4 wij + mf — p 2 

if (mi — m 2 ) 2 < p 2 < (mi + m 2 ) 2 ; here A(x, y, z) = x 2 + y 2 + z 2 — 2xy — 2zy — 2xz, 

? / 9 9 9n i r „ ml „ ml — m? — p 2 „ mi 

I (p 2 , ml ml) = -——{in-l- - inS + 2 \ P In-f - 2- 
(47r) 2 p 2 2p 2 mf 

^j\(m\,m 2 2 ,p 2 ) {m\ + m 2 2 - p 2 + y^(mf, m 2 ,^ 2 )) 2 



2p 2 Am 2 m 2 
(4tt) 21 2 /1 2 1+ 2p 2 " 2 4p 4 ^m 2 



~ 2 2 2n * An m l • c mj-ml-p 2 1 (m 2 - m 2 - p 2 ) 2 - 2p 2 m 2 m\ 
h\P ,m l: m 2 ) = - 7 -—{-£n—-t7vS 1 + — — £n^ + 



mj -ml- p 2 ^/X(mj, ml, p 2 ) [m\ + m 2 . - p 2 + yj\(m\ , mj,p 2 )) 2 

V 4m>l ' 

if p 2 < (mi — m 2 ) 2 U P 2 > ("ii + ?«2) 2 - 
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In the formula (14) So and Si are the contribution due the pole of the integrals 
;il),(12): 



So 



Si = 



( \/ A ( m i' m 2,p 2 )/p 2 ; 

(m 2 -m 2 2 +p 2 + ^ \(ml,m 2 2 ,p^) )/2p 2 ; 
(ml - ml - p 2 + ^\(ml,m 2 2 ,p 2 ))/2p 2 ; 
V 0; 

(m 2 , — ml+ p 2 )^J\(m 2 , m 2 ,p 2 )/2p 4 ; 

1 IY™2 ™2\2 i ^4 0^,2^2 /^2 



p — 2m\p 



4p4 [( m l 

m\ - p 2 )^K,m^ 2 )]; 

1 r f™2 ™2\2 ^4 , o 



Ip 3 



p 4 + 2m 2 x p 2 



m 



e [0,1] , 


x 2 e [0,1], 


ZiG[0,l] , 


32 2 [0,1], 


^ [0, 1] , 


x 2 G [0,1], 


^ [0, 1] , 


2*2 [0,1], 


xi e [o, l] 


, a: 2 G [0,1], 


xi e [o, l] 


, ^2^[0,1], 


xi £ [0, 1] 


, x 2 G [0,1], 


X! [0, 1] 


, x 2 #[0,l], 



(15) 



(16) 



m 2 -p 2 )\/ A ( m ?' m i'P 2 )]' 

where X\ and 0:2 are the roots of quadratic polynomial p 2 x 2 + (m 2 ,—ml—p 2 )x+ml. It shoold 
be mention. that in integrals (11) and (12) ,when the cinematic p 2 < (m x — m 2 ) 2 [j p 2 > 
(mi + m 2 ) 2 , it appears poles in defend of following parameters ml,m 2 , p 2 . During the 
investigation of physical processes, when one or more parameters are significantly large in 
compare with others, it is more conveniently to use approxomately expressions of integrals 
Jo and I\. We will show below approximately expressions of these integrals for frequantly 
arising values of kinematic parameters (p 2 < ml and/or p 2 < ml): 



(Anf 



I (p 2 , ml, m 2 2 ) = -j-r-^{^n^- + a ± (x) H 2 a 2 (x) H ia 3 (x)} , 



1 

mf 



4" 

m\ 



h(p 2 ,ml,ml) 



{Un^ + h(x) + ^b 2 (x) + ^h(x)} 



p- 



p 



(An) 2 " 2 

Where we apply following notation: 
ki(x) = , k 2 (x) = — 



1 

mf 



m\ 



(17) 



h(x) = 
h(x) 



l-x ' 2(1 -x) 3 

-3x 2 + Ax - 1 + 2x 2 £nx 



2x£nx , . . x 3 + 9x 2 - 9x 
, k 3 {x) = 



1 — 6x(l + x)£nx 



k(x) 



-2x 3 — 3x + 6x 



6(1 -xf 

1 + 6x 2 £nx 



4(1 -x) 2 1 " v ~ / 6(1 -x) 

-3x A - AAx 3 + 36x 2 + 12x - 1 + 12(3x 2 + 2x 3 )£nx 



24(1 



x 



X 



m 2 
mf 



(17') 



In the framework of large momentum (p 2 — ml > ml), the approximative expressions 
of Jq and l\ are obtained the folowing form consequently: 



Io(p 2 ,ml,m 2 2 ) = 



ml(p 2 



m\ 



(An)' 



ji z p z p z (p z — mf) 



2+ 
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m| - p 2 + m\ ^m 2 2 _ mj _ m\{p 2 + m\) p 2 _ 
p 2 — m\ m\ p 2 p 2 (p 2 — m\) m\ 

~ . 9 9 9n i ,1m? m? m? m 2 . m? 

/i p 2 ,m ,m = -__{--^n-i + + — 1 - 2^(1 + - 2 2 + 

v 1 27 (47r) 2 2 /i 2 /i 2 2 L p 2 p 2 -m\' 

m\ . 2ml „ 3m? 3m? m 2 , „ m? 

-f 1 + 2 2 + 1 - — ^ + — ^ - -^n-f- 

i[i- 2^(i +^ri_) + 4d + -*i,)]A,(4 _ i )} (is) 

2 p 2 p 2 — mf p 4 p 2 — m{ m( 

It should be pointed out that at the zero value of the cinematic parameters the formulae 
(14), (17) and (18) should be understood as limited expressions. 
Below we give usefull relations for the two point functions 

I (p 2 , mj, m 2 ) = I (p 2 , m 2 , mj), 

h(p 2 \m\,ml) = I (p 2 ,ml,ml) - h(p 2 ; ,m 2 ,m 2 ). 
We have the same relations for the functions I and I±. 

4 TREE POINT FUNCTIONS. 



Let us go to the more detail investigation of the tree point functions Ro,R a and R a p. 
Multiplying the second expression in the formulae (3) onpi a andp 2a we obtain the system 
of equations for the functions R w and i? 01 : 



/ 2p 2 R 10 + 2(p 1 p 2 )R i = io((Pi - P2) 2 , mj, ml) - I (j%, m|, ra§)+ 

(m 2 3 -m 2 +p 2 )R , 
2( Pl p 2 )R w - 2p 2 R 01 = 7 ((Pi - P2) 2 , mj, m 2 ) - I (p 2 , mj, m 2 ) + 
V {m 2 3 -m 2 2 +p 2 2 )R , 



After solving the system (19) we get following expressions for the tree point functions 
R w and R i. 

R w = 2 [p 2 p 2 -( Pl p 2 ) 2 } ^[h{.pl,rn 2 2 ,m 2 3 ) ~ J o((Pi -P2) 2 ,m 2 1 ,m 2 2 )] + 

(pm)[Io((pi - P2) 2 ,m\,m 2 2 ) - I (p 2 1 ,m 2 1 ,ml)] + 
[p 2 2 {m\ -mj- p\) - (pip 2 )(m 2 2 -mj- p 2 2 )]R }, 

R oi = 2[p 2 p 2 -(P1P2) 2 ] ^^ J °^' m ^ m 3) - J o((Pi -P2) 2 ,m 2 ,m 2 )] + 
(PiP2)[/o((pi -p 2 ) 2 ,rnl,ml) - I (pj,m 2 2 ,m 2 3 )} + 
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\p\{m\ -m\- pi) - (pm)(ml -m\- p\)\Ro}. 



(20) 



In order to obtain explicit expressions for the functions Rqq, R 2 $, R02, R\i let us 
multiply the third term of formula (3) on p la and p 2a . In results we get the system of 
linear equations, whose determinant is equal zero. We can add one independent equation 
obtained via the multiplying of the Lorentz decomposition of R a p from formula (3) on 
g a/ 3. The new system can be explicitly solved with respect to the functions Roo, R20, R02, 
Ru and has the form: 

/ 4^00 + PIR20 + 2(p 1 p 2 )Rn + p 2 2 Rq 2 = m 2 3 R + 7 ((pi - P2) 2 , mj, ml) = a : 

R 00 +plR 20 + (piP2)Ru = -|{( m i _m i -Pi)Rw ~ h((pi-p2) 2 ,m 2 1 ,ml)} = a 2 
pjRn + (pip 2 )Ro2 = -|{( m i - m 3 - pf)Roi + h((pi - P2) 2 , ml, mf)- 

h((Pi - P2) 2 , mj, m 2 2 ) + h{pl, ml, m|)} = a 3 
(P!P 2 )R 20 + p 2 2 R n = -\{im 2 -m\- p 2 2 )R w - h{{pi - p 2 ) 2 , ml, m 2 ) + 
V h(pl,ml,m 2 )} = a 4 . 

(21) 



The solution of the given above system of equation has the following form: 

Roo = 7r{ a i ~ 2fl 2 - , — r fla + 7 — H 04}, 

aipl(pip 2 ) - 4a 2 pl(pip 2 ) - a 3 ^ + a 4 (2(p!p 2 ) 2 + P?P 2 ) 
-K20 — 



R 
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2(pip 2 )[(pip 2 ) 2 -P1P2] 

(PiP2)(-«i + 4a 2 ) +pla 3 - 3p 2 a 4 
2[( Pl p 2 ) 2 -p 2 p 2 ] 



(fli - 4a 2 )p 2 (pip 2 ) + a 3 [2(pip 2 ) 2 - Splpl] + Sa 4 pf 

2(pm)[(PiP2) 2 - pIpI] • 1 J 

/,From the expressions (20), (22), given above one observes that all three point func- 
tions can be expressed via the two point functions I0J1 (whose explicit expressions are 
given in section (3) (see formulae (13) and (14)) and the three point function R . Bellow 
we shall obtained the explicit expressions for the three point function_R - 

5 CALCULATION OF THE THREE POINT 

FUNCTION R 



Let us consider the three point function R Q : 

Ro(pl,pl,(Pi-P2) 2 ,ml,m 2 2 ,ml) = 



7 



d 4 q (1, go, gag/?) / 23 x 

(2tt) 4 [(px — q) 2 — mf + ie][(p 2 — q) 2 — ml + ie](q 2 — ml + ie) 

After using the Feinman parametrization the three point function (23) is written in the 
following form: 



1 X 

% 







, dx [ dy- — - — — — , (24) 

16ir 2 7 7 {ax 2 + by 2 + cxy + dx + ey + j \ 



where a = —pi, b = —(P1—P2) 2 , c = 2p| — 2(pip 2 ), d = p\ — m\+m\, e = p\—p\ — m\+m\, 
f = -m 2 + i e . 

Using the transformation cared out in reference [1] the integral (24 can be reduced to 
the following form: 



r 1 

1 



*° = I6^|/ d ^2 ab + c)y + d + ea + 2a + J tn{hj + {< + e)y + d + a + S)~ 

1 

dy fo j— v tz r— 7- [£n((a+b+c)y 2 +(e+d)y+f)- 

{2ab + c)y(l — a) + d + ea 

£n((a + b + c)y 2 2 + (e + d)y 2 + /)]- 

/ d y fo ^ r + ^ + /) - M«2/ 3 2 + + /)]}, (25) 

7 — (zao + cjyo! + a + ea J 

where a is the root of the quadratic polynomial bo? + ea + a and yi, y 2 , 2/3 are defined in 
the following way: 

d + ea y y 

y° = r^T' Vi = Vo + a, 1/2 = , y 3 = • 26 

c + Iba 1 — a a 

^From (25) we see that all three integrals have the similar form. Let us consider the 
first of them: 

F = rn^L + c) / dy ^{ Hby2 + (c + e)y + d + a + f) ~ 

£n(by 2 1 + (c + e)y 1 + d + a + f)Y (27) 

The function F which is defined by formula (27) is expressed via the Spens functions 
[7-8]: 

f 1 \ a ( 2/1 — 1 N , a ( \ o ( yi - 1 A 1 



+ Sp( — — - ] - Sp( 
167r 2 {2ba + c)\ \yi-yj \y\-yj \yi-y 2 J \J/i-J/2 
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USp(-^-r)-Sp(^r)\ (28) 



lQ7r 2 (2ba + c)~[ \y\-yj \yi~Vi 
Using the expressions (27) and (25) the three point function Rq takes the final form: 

* = TT^TTTT t Ef-lMspMy - Sp(^i)}, (29) 



167r 2 (26a + c) ^ ^ [ V2/i - yf / Vy* - y? 

where yf are the roots of the following quadratic polynomials respectively: 

(pi - P2) V + (m? -mj- (pi - p 2 ) 2 )y + »2- ^> 
2 2 1 / 2 2 2 \ 1 2 

Piy + ( m i - m 3 - Pi)y + m 3~ ie > 
2 2 1 / 2 2 2 \ 1 2 

It should be pointed out that with the using formulae (11)-(14),(20),(22),(29) all three 
point functions can be analyzed analytically us well as numerically 

In the particular case, when one of the mass parameter significantly exit ales, it is 
more convenient to use the following expressions for the integrals: 

2 If ~~ l~~ P^ {.Pi PoS^ 

Ro(pI,pI, (Pi-P2) 2 ,ml,ml,ml) = -j-^ — ^ Cl (x) + X — 2 2 c 2 (x) + — 2 c 3 (x) 

2 2/ N2 2 2 2n * 1 fj^N , Pi + 2 P2 j / ^ , (Pi ~ P2? 



Rw(Pi,P 2 , (Pi -P2) ,mi,mi,m 2 ) = -— — ^di(ar) + 5 — d 2 (a:) + 2 d 3 (x) 

[ 4t7T J 77Z^ L /77 1 771 ^ 

Rm(pl,pl, (Pi-P2) 2 ,rnl,ml,ml) = R 10 (pl,pl, (pi - p 2 ) 2 , m\, m 2 , m\) 
#oo(p 2 ,P2, {Pi-P2) 2 ,ml,ml,m 2 2 ) = -j-r^\ -lw-j-+ei(a;) + 1 2 2 e 2 (a;) + 2 e 3 (x) 

^47f J L 4 /X 772^ 772^ 

r> / 2 2 / \2 2 2 2\ * 1 f r / \ , Pi + 3p 2 /• / \ , (Pi ~ P2) 2 f , \ 

#2o(Pi,P 2 , (Pi -P2) ,m 1: m 1: m 2 ) = - j-r^ — \ AW + 2 — /2 W + 2 h\ x ) 

(Air) 2 mf l m i m i 

r> / 2 2 / N2 2 2 2n * 1 f 1 , / x . Pi + Pi , / x , 2 (Pi ~ Pa) 2 , , x 

^ii(Pi,P 2 ,(pi-p 2 ) ,m 1 ,m 1 ,m 2 ) = -—— — ^-f 1 ( x )+ — f 2 {x) + - — 2 f 3 {x) 

R02(P 2 1,PI, (Pi -p 2 ) 2 , 777 2 , 777 2 , 7772) = #2o(P2,Pl, (Pi - P2) 2 , ™1, ™? , Wj) , (30) 

Where we have introduced the following notation: 

1 — x + xinx 1 + Ax — 5a; 2 + 2a;(2 + x)£nx 
C1{X) = [l-xf ' C2(X) = 4(1^4 ' 

. . 1 — 6a; + 3a; 2 + 2a; 3 — 6x 2 £nx , , . 1 — Ax + 3a; 2 — 2x 2 £nx 

C ^ X) = Yi^W ' l(x) = 4(T^p ' 

, , . 1 - 9a; - 9a; 2 + 17a; 3 - 6a; 2 (3 + x)£nx , . N 1 - 6x + 18a; 2 - 10a; 3 - 3a; 4 + 12a; 3 £na; 

d2{x) = w^w ' 3(x) = w^w 



. -1 +Ax -3x 2 + 2x 2 £nx . . 1 . . . . -2 + 9x - 18x 2 + llx 3 - 6x 3 £nx 
ei(x) = , e 2 (x) = --<*(*), e 3 (x) = r^xf 

„ /N /x „ /N l-8x + 36a; 2 + 8a; 3 -37a; 4 + 12a; 3 (4 + x)£nx 
= -4e 3 (a;) , f 2 (x) = 



144(1 -xf 

3 - 20x + 60x 2 - 120x 3 + 65x 4 + 12x 5 - 60xHnx m\ 
h{x) = 240(1 -^ ' X = ^ (31) 



It should be pointed out that the expressions (17') and (31) at x=l are considered as 
the limiting expressions for x — > 1. 



6 SUMMARY. 

In the given work the general expressions for the two and three point functions are 
obtained. The asymptotical behavior with respect to the values of the external and 
internal partical momenta is investigated. Different asymptotic representation for these 
functions (17), (18), (30) are given. It is convenient to use the different representations 
for these functions depending upon the comcret physical beyond investigated. Some 
particular cases it is possible to use integral representation (5)-(10), (22), (25) to written 
down answer in terms of one integral and them calculate this integral analyticaly or 
numericaly. In other casses it may be more convenoent to use the expressions (13)-(14), 
(22), (29). However, if the cinematic of the preces beyond investigated allows us to use the 
definite approximatins [9-10], then it is convenient from the practical point of weu to use 
the asymptotical expressions for the two and three point functions (17), (18), (30). 

The autors expres their deep graduate to J. Gegelia and G. Japaridze for usefull 
discussions. 
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